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The behavior of an infinite sequence of ordinary differential equations of 
the form: 
- = 5 L,X,,, ) 
dx, 
dt 
O<n,O<N,M<co, 
i=-M 
(1) 
xm = c, , 
x, = 0, n < 0, 
where X%(t) is a vector valued function of R+, 1s studied in spaces of infinite 
sequences of vectors. In particular, sufficient conditions for asymptotic stability 
of this sequence of linear equations are established and applied to the stability 
analysis of a string of vehicles with a simple form of automatic control. 
The emphasis of this investigation is to (a) specify a class of Banach spaces 
of sequences of elements from a given Banach space, (b) consider the relations 
between the operators Li on the given Banach space to the induced operator 
on the sequence space, (c) discuss the special case where the sequence space is 
a Hilbert space, and (d) apply established stability criteria to the differential 
equation in the sequence space. All linear spaces under consideration will be 
real. 
DEFINITIONS 
B, Banach space on which (1) is defined; 
I I9 norm on B; 
B ‘73, linear space of sequences of elements of B; 
I, set of positive integers; 
( )n 9 projection into the nth term of elements in B,; 
12) mapping from B, to B, defined by 
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BANACH SPACES OF SEQUENCES 
It is a simple exercise to show that if a function N defined over the set of 
sequences of positive real numbers and assuming values in [0, co] with the 
properties (2) below generates a Banach space BmN with elements in B, in 
the following sense. 
BaN = We Bm I W(X), I> < 4 with I x 12 = w(wi I>* 
(4 
(4 
(4 
(4 
(4 
w 
(d 
(h) 
N&i’ = OdvS, a 3 0. 
NS=O if and only if s = 0. 
N(S, + S,) < NS, + NS, . 
if Wi G (S2)i for all i E I then NS, < NS, . 
lim NS 1% = NS. 
n+m 
if lj$S,), = (S), for all rr E I, then Lt NS, ]12 = NS In 
for any 71 E I. 
for any positive or negative integer p there exists an OL?, < co 
such that 
(2) 
W%+,~ d 4’W (S)i = 0 if i < 0. 
N{l, 0,O ,... } < co. 
It should be noted that equivalent norms on B will produce equivalent 
norms on BmN. 
CASE WHERE B AND BaN ARE HILBERT SPACES 
If B is a Hilbert space with scalar product (,) and BmN is a Hilbert space 
with scalar product (,) then 
with 
yi EE N2{Si,} < co. 
Proof. Since BaN is a Hilbert space the parallelogram law holds. Let X 
and YE BmN, then 
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Let X = (X0 , XI ,..., X,, , 0,O) and Y = (0, 0, 0, X,,, , , ,... 0 0 ) then 
2 IX + YI,N = 21x1: + ~mz+, >Xn+l)Yn+l 
where 
Yn+1 = w%.n+l~* 
Thus for any X E B,N 
I x In+1 1:” = I x In 1:” + rn+l((wn+I 9 (-q+J 
But 
By induction 
I x lo 1:” = wo ? wo> ‘yo * 
?I+1 
I x In+1 1:” = 1 r,(V), 9 WJ. 
i=O 
BY property (4, 
However 
I x II” = f rev), > (WJ 
i=O 
NORM AND MEASURE OF LINEAR SHIFT OPERATORS ON BmN 
Define a linear operator LDm on BmN by: (LpmX), = L,(X),+, where L, is a 
bounded linear operator on B. The following estimates on the norms and 
measures [l] of L, follow from (2g). 
(a) 11-h” II < a2, II& II , 
(b) llLom II = IlLo II 2 (3) 
(4 CL&9 3 0, P f 0, 
(4 P(Lo9 = /-Go). 
Proof of (c) and (d) follows 
P(LP9 = ~~$<Il~ + hJLffi II - l)Pl. 
Let X E BmN with (X), = Z6,, , ZEB and IX/E= l.Then forp#O, 
I X + hL,“X I,” = JW 2 I ho + h IL& I %,> 2 N{I 2 I L,> = 1. 
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Thus &$~) 3 0, p # 0. For p = 0 it follows from (3b) that 
II I+ hL0” II = II I+ hL, II . 
Thus 
STABILITY RESULTS FOR A SPECIAL CLASS OF LINEAR EQUATIONS ON BaN 
Consider the following linear equation on BmN 
dX -= 
dt 
2 L,“X=LX, N,M>O. 
p=-M 
(4) 
Also consider the following linear equation on B: 
Result A 
dWjdt = L,W. (5) 
If (5) is uniformly asymptotically stable then (4) is uniformly asymptotic- 
ally stable if 
where b and c are such that (1 exp Lot /I < c expf--bt) (see [2]). 
The proof of Result A is equivalent to [l, Theor. 9, p. 701 using (3). 
Result B 
If (5) is uniformly asymptotically stable on B, it can be shown [3] that there 
exists an equivalent norm II* on B such that p*(Lo) < 0 and it follows that 
(4) is uniformly asymptotically stable with respect to 112 if
The proof of Result B is equivalent to [l, Theor. 3, p. 581 using (3), the 
facts that p(A + B) < @I) + p(B) and / p(A)1 < II A Ij , and the fact that 
equivalent norms on B produce equivalent norms on BmN. 
Result C 
The following stability result is restricted to the case where B and BaN 
are Hilbert spaces and further the yi are identically 1. The following two 
STABILITY OF A SEQUENCE OF LINEAR EQUATIONS 517 
self-adjoint operators are defined respectively on the T- and (T + 1)-fold 
Cartesian product of B. 
(T - max(n, m)) 
Dnm=T+l-, m-n,(L”-~+L~-,), O<n, m<T-1, 
with D defined on BT; 
1 
Enm=T+l-, O<n, m<T, 
with E defined on BT+$ where T G max[N, M] and L, = I$ if p 4 [-AI, N] 
and L,* is the adjoint of L, . 
Then, Eq. (4) is uniformly (asymptotically) stable if: 
(i) D is negative on BT, 
(ii) E is negative (strongly negative definite) on BT+l. 
Proof. The approach will be to show that p(L) < 0 (< 0) thus utilizing 
[I, p- 591. 
p(L) = sup (X,L +L*x) 
IX&l 
= (Xi ,L, +-cQG+,) ; 1 
with a little effort, 
‘--l ‘A (T - max(n, m)) 
+~o~o(T+l-,m-n,)(xn~Lm-n+L,*_mxm) ’ 
I 
Thus by (ii), 
with E > 0 (C > 0). Therefore, 
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APPLICATION TO A PROBLEM IN AUTOMATIC CONTROL 
Consider a semiinfinite string of vehicles with the control of the nth 
vehicle linearly dependent upon the relative position and velocity of the 
preceding car and upon the absolute velocity of the vehicle. The equations of 
FIG. la. 
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Stability region for (I = .l. Result C is the larger region. 
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FIG. lb. Stability region for a = .5. Result C region is larger region. 
STABILITY OF A SEQUENCE OF LINEAR EQUATIONS 519 
motion in terms of the relative states Z, (i.e., relative position and velocity) 
are: 
with p, 5, and a dimensionless parameter relating to the control. The stability 
regions given by Results A-C are illustrated on Fig. 1. The sequence space 
will be Hilbert with the yi equal to 1. The inner product on R2 will be chosen 
to be 
Thus, 
[( 1 + X2)/251 Xl2 + x,x, + (1/X) x:. 
PW < 0. 
Further, Results A and B are equivalent for this inner product. 
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